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4.2.6 Solved Problems: 

Special Continuous Distributions 

Problem 1 

Suppose the number of customers arriving at a store obeys a Poisson distribution with an 
average of X customers per unit time. That is, if Y is the number of customers arriving in an 
interval of length t, then Y ~ Poisson(Xt). Suppose that the store opens at time / = 0. Let V be 
the arrival time of the first customer. Show that V ~ Exponential^ l). 

• Solution 

o We first find P(X > t): 


P(X > t ) 


= .P(No arrival in [0, f]) 


. — Ai 


(A/) u 




Thus, the CDF of X for x > 0 is given by 


F^x) =\-P(X>x) = \~e~ h( , 


which is the CDF of Exponential^ l). Note that by the same argument, the time 
between the first and second customer also has Exponential^ l) distribution. In 
general, the time between the k' th and k+ l’th customer is Exponential^/ 1). 


Problem 2 (Exponential as the limit of Geometric) 

Let Y ~ Geometricip), where p = XA. Define X = FA, where A > 0. Prove that for any 
x G (0, oo), we have 


lim Fj^x) = 1 - e 
A—>0 


• Solution 

o If Y ~ Geometricip) and q = 1 - p, then 

P(Y<n) = Yj’1= \pq k ~ 1 
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1 -q" 

p— = x-{\- P y. 


Then for any y £ (0, oo), we can write 

P(Y <y)= \ — p) L - vJ , 

where |vj is the largest integer less than or equal to y. Now, since X = FA, we 
have 


Ffc) = P(X < x) 


= p \ y ^a 


= i — (i — /?) l a J = i -(i -M)i; 


Now, we have 


lim A —> oFx( x ) 


lim A 0 1 - (1 - AA) i a 


= 1 - lim A ^ 0 (l -AA)I-a- 

= i _ 


X XX 

The last equality holds because — - 1 ^ —, and we know 

t 

lim (1 - AA) a = e~ 

A—>0 + 


Problem 3 

Let U ~ Uniform (0, 1) and A = - ln(l - U). Show that X ~ Exponential^ 1). 

• Solution 

o First note that since Ry = (0, 1), R x = (0, oo). We will find the CDF ofX. For 
x £ (0, oo), we have 

Fjfx) = P(X < x) 

= P(- ln(l ~U)<x) 
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= P 


1 - U 



= P(U< l-e x ) = 1 -e x . 


which is the CDF of an Exponential^) random variable. 


Problem 4 

Let X ~ JV(.2, 4) and Y = 3 - 2X. 

a. Find P(X > 1). 

b. Find P( - 2 < Y< 1). 

c. Find P(X > 2 | 7 < 1). 

• Solution 

o a. Find P(X > 1): We have u x = 2 and o x = 2. Thus, 


P(X> 1) = l-o(^ 


= 1 -O(-0.5) = 0(0.5) = 0.6915 


b. Find P( - 2 < Y < 1): Since 7=3- 2X, using Theorem 4.3, we have 
7 ~ N( - 1, 16). Therefore, 

p(-2<y< i) 

= 0(0.5) - 0( - 0.25) = 0.29 


c. Find P(X > 2 | 7 < 1): 

P(X > 2 | 7 < 1) = P(X> 2 | 3 -2X< 1) 
= P(X> 2|X> 1) 
P(X>2 ,X> 1) 

/ , (X>1) 

P(X>2) 

- P(X> 1) 

2-2 

l-®(—) 

_ 1-2 

l-®(—) 

1 - 0 ( 0 ) 

“ 1 - 0( - 0.5) 
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0.72 


Problem 5 

LetX ~ N(0, a 2 ).FindE\X\ 

• Solution 

o We can write X = a Z, where Z ~ jV( 0, 1). Thus, E\X\ = oE\Z\. We have 


E\Z 



tie 2 dt 


t\e 2 dt 


2 1 
-jn te~ 2 dt 


= A - ~ e 2 


(integral of an even function) 



Thus, we conclude E\X\ = oE\Z 



Problem 6 


Show that the constant in the normal distribution must be ~j=. That is, show that 

^2 7T 


^ x _ 

/=J_ oo e 2dx=^llK. 


Flint: Write / 2 as a double integral in polar coordinates. 
• Solution 


<*00 _ _ O 

o Let / = J 2 dx. We show that / = 2 k . To see this, note 
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= l-oo e 2 dxl^^e 2 dy 
= l-ool-oo e ~ dxdy. 


To evaluate this double integral we can switch to polar coordinates. This can be 
done by change of variables x = rcosO, y = rsinO, and dxdy = rdrdO. In particular, 
we have 


x 2 +y 2 


l”oJ-ooe 2 dxdy 


= lo-fo^e 2 rdOdr 


= 27rjo re 2 dr 


= 2n 


- e 2 


co _ 

0 ~ 


= 2 7C. 


Problem 7 

Let Z ~ N(0, 1). Prove for allx > 0, 

1 x 

a/27t x 2 + 1 ^ 


2 < P(Z >x)< 


1 1 

yflx * 6 


2 . 


• Solution 

o To show the upper bound, we can write 


1 <£ 

P{Z > x) = —j=\^e~ 2 du 

yin A 


1 1 

■\Jln x 

1 l _ X 1 

~E=~e 2 

yin x 
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To show the lower bound, let Q(x) = P{Z > x), and 


h(x) = Q(x) ~ 



for allx > 0. 


It suffices to show that 


h(x) > 0, for allx >0. 

To see this, note that the function h has the following properties 

1. h(0) = 

2. lim h(x) = 0; 

X —>GO 


3. h (x) = 



< 0, for allx > 0. 


\ 


l 

Therefore, h(x) is a strictly decreasing function that starts at /?(()) = - and 

decreases as x increases. It approaches 0 as x goes to infinity. We conclude that 
h(x) > 0, for all x > 0. 


Problem 8 

LetX ~ Gamma(a, /.), where a, X > 0. Find EX ,, and Var(X). 
• Solution 

o To find EX we can write 
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EX = 


roo 

Jo xfjx)dx 


r co 

Lx • 

— x a e ^dx 

JO 

Ta 



roo i 

Lx-x a e 

■y 

nay 

1 0 


x a 

[ 0 x a e _/l *dx 


nay 



x a : 

Hot + 1) 


T(a) 

X a+l 


aT(a) 


XT (a) 


a 



I' 




(using Property 2 of the gamma function) 
(using Property 3 of the gamma function) 


Similarly, we can find EX 2 : 


= ry. —jc«-i e -^dc 

j° r(a) 

= ——ry . x a-i e ~y Y 

r(a)J° x e ^ 

J. — f 00 a+1 -/hf. 

r(a)J° x e dx 

A a r(a + 2) 

= no) y 
(a + l)r(a + 1) 

2 2 r(a) 

(a + l)ar(a) 

2 2 r(a) 

a(a + 1) 


(using Property 2 of the gamma function) 
(using Property 3 of the gamma function) 
(using Property 3 of the gamma function) 


So, we conclude 
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Var(X) = EX 2 - (EX) 2 
a(a + 1) a 2 

a 

= ?• 


previous 
next —» 
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